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The two-dimensional Fredholm integral equation of the first kind for the solution of Helmholtz equation for an 
open-boundary surface with rotational symmetry is reduced to a system of one-dimensional integral equations 
of the first kind. The obtained system is solved using finite elements. Furthermore the singularities of the 
unknown junction and the kernel are treated analytically. 0 1997 by Elsevier Science Inc. 
Keywords: 
1. Introduction 
The author in Ref. 1 has proved that the solution of the 
Dirchlet problem for a Helmholtz equation for an open 
boundary in space is given by 
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where (X, p, f) E R/g, $= S U dS and dS are the contour 
of the given surface S. The unknown density function 
T(X, y, z), which is singular2*3 near and at JS, is the 
solution of the two-dimensional integral equation 
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The purpose of the present paper is to give a numerical 
solution of the two-dimensional integral equation (21, 
where S is an open-boundary surface with rotational 
symmetry. The given technique is based on the reduction 
of the two-dimensional integral equation (2) to one 
-dimensional integral equations by considering the given 
surface S as a resulting surface obtained by revolving a 
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smooth-open curve Cl(t); t, G t d t, in space. Then we get 
a system of one-dimensional integral equations of the first 
kind. The obtained integral equations are solved using 
finite elements with quadratic basic functions. Thus we 
get an algebraic linear system for the solution of equation 
(2). The singularities of the unknown functions are treated 
analytically,6 then we substitute in equation (1) to get the 
solution of the Helmholtz equation for an open-boundary 
in space. 
2. Modelling problem 
Let the axis of revolution coincide with the axis of symme- 
try of the given surface S. Parameterizing S and using the 
cylindrical polar coordinate system, we get 
x=p(t)cos(8);y=p(t)sin(8);2=z(t) 
~=p(i)cos(8);~=p(t)sin(8);~=~(I) 
Hence equation (2) can be written in the form 
de = Q(t) (3) 
where 
and 
HO, 0) 
= & p(t)j2 + (P(i)$ - 2ppcos(e) + (z(t) -r(i))* 
(4) 
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Now if we let 
7(t) = T,(t) + iTJt); Q(i) = Q,(i) + iQ&) 
and 
e-ikH(‘,e) = cos(kH(t, 0)) - i sin (kH(t, 0)) 
then integral equation (3) is reduced to the following 
system of linear equations 
= Q,(i) 
(5) 
= Q2(f) 
Where 
and 
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d0 and 
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2,,sin(kH(t, 0)) 
dB 
0 H(t, 0) 
It is easy to calculate the two integrals I,(t) and Z2(t) 
numerically.7 
Now the interval [cl, t21 is divided into n-partition 
[Li, Li+l]; i = fi; L, = t, and L, = t,. Then we approxi- 
mate the unknown functions of system (5) using quadratic 
shape functions with isoparametric transformations. The 
singularities of the unknown functions T1(t) and T2(t) are 
treated by using the function WC), and then we change 
the parameters. 6*8,9 Then system (5)takes the form 
= Q2(i) 
where P is the number of all nodes of It,, t,]; SjC 5 )j = 
1,2,3 are linearly independent known functions4.5 such 
that 
Also, 
i=l 
T&j = i b&( {) 
; j = 1,2,3 
i=l 
L 
l;i=3,p-2 
qi(l)= (l+l)+;i=1,2 
(l--l)+;i=G 
The solution of system (6) gives ai and bi, and hence we 
get the unknown functions TV and T* and then the func- 
tion T. Thus the solution of the Helmholtz equation for an 
open boundary in space can be calculated by equation (1). 
3. Conclusion 
A technique is presented to find the numerical solution of 
the Dirchlet problem for a Helmholtz equation for an 
open boundary in space. The given technique simplifies 
the problem by reducing the two-dimensional integral 
equation into one dimension. The approximation of the 
unknown function using finite elements gives the possibil- 
ity of treating its singularity by the change of parameters. 
It is also necessary to mention that approximation using 
shape functions does not require any analyticity condi- 
tions of the target function. 
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